We study the behaviour of the fidelity and the Uhlmann connection in two-dimensional systems of free fermions that exhibit non-trivial topological behavior. In particular, we use the fidelity and a quantity closely related to the Uhlmann factor in order to detect phase transitions at zero and finite temperature for topological insulators and superconductors. We show that at zero temperature both quantities predict quantum phase transitions: a sudden drop of fidelity indicates an abrupt change of the spectrum of the state, while the behavior of the Uhlmann connection signals equally rapid change in its eigenbasis. At finite temperature, the topological features are gradually smeared out, indicating the absence of finite-temperature phase transitions, which we further confirm by performing a detailed analysis of the edge states. Moreover, we performed both analytical and numerical analysis of the fidelity susceptibility in the thermodynamic limit, providing an explicit quantitative criterion for the existence of phase transitions. The critical behaviour at zero temperature is further analysed through the numerical computation of critical exponents.
I. INTRODUCTION
Topological phases of matter have received much attention in recent years due to their many potential applications in the emerging field of quantum technologies. Topological phases (TPs), in contrast to the Landau theory of phase transitions [1] , are not described in terms of a local order parameter having a non trivial value in the symmetry broken phase. Instead, they are described by global topological invariants [2] [3] [4] , robust against continuous perturbations of the system preserving the symmetry and the spectral gap -no breaking of the symmetry occurs. These topological invariants, like Chern numbers [2] , become observable through the response functions of the system coupled to an external field [2, 5] . When terminating the system to the vacuum, there appear gapless modes which are exponentially localized at the boundary of the system, as predicted by the bulk-to-boundary principle [6] . On the other hand, it is impossible to deform a system from a topological phase with a given value of a topological invariant to the one where this invariant takes a different value without closing the gap. In this case, we say that a topological phase transition occurred, a particular example of a quantum phase transition [7] . From the quantum information theory point of view, there are two main approaches to the problem of quantum phase transitions. The first one is to study entanglement properties of the system [8] [9] [10] [11] . The second approach is to study various distinguishability measures between quantum states, in particular the quantum fidelity [11] [12] [13] [14] [15] [16] [17] , which we will consider here. When a system undergoes a phase transition, its ground state changes substantially and the quantum fidelity signals this change by a sudden drop in its value [14, 15] . In this work, we extend the fidelity and Uhlmann connection analysis performed in [18, 19] for the case of chiral topological phases in 1D to 2D fermion topological phases, namely topological superconductors (TSCs) and insulators (TIs) classified by the 1st Chern number.
Our paper is organized as follows. In Section II we recall the notions of fidelity and Uhlmann connection and how their study can be used to probe phase transitions. In Section III we present the results of the fidelity and Uhlmann connection analysis for 2D TSCs and TIs. In Section IV, we analyse the non-commutativity of the thermodynamic and zero temperature limits of the fidelity susceptibility and prove the absence of finite temperature phase transitions in the class of models considered. Moreover, we analyse the critical behaviour at zero temperature by looking at critical exponents. In Section V we consider the system in a cylinder and study the edge states. Finally, in Section VI, we present our conclusions.
II. THE FIDELITY AND THE UHLMANN CONNECTION IN THE STUDY OF PHASE TRANSITIONS
In this section, we present the main concepts of the fidelity and the Uhlmann connection analysis of phase transitions. In particular, we will show the relationship between the fidelity and the quantity ∆ associated to the Uhlmann factor, which we will in turn use to study phase transitions.
and get
Re w 2 , w 1 ≤ Tr ( √ ρ 1 ρ 2 √ ρ 1 ) = F (ρ 1 , ρ 2 ), which shows the relationship between the fidelity and the Uhlmann connection, as characterized by V , the so-called Uhlmann factor. In other words, imposing two amplitudes, w 1 and w 2 , to be parallel in the Uhlmann sense is equivalent to choosing, by means of the associated Uhlmann factor, the specific gauge V U 1 U † 2 = I, which gives rise to the fidelity between the states ρ 1 and ρ 2 .
To illustrate this relationship better, let us consider the Uhlmann parallel transport condition. Suppose that ρ(t) is a closed curve of density matrices parametrized by t ∈ [0, 1]. Then, given an initial state ρ(0) and the corresponding amplitude w(0), the Uhlmann parallel transport condition, taken for an infinitesimal time period δt, yields a unique curve in the space of amplitudes, along which w(t) and w(t + δt) are parallel, ∀t. In particular, the Uhlmann parallel transport operator is given as V (t) = T exp{− t 0 A(dρ/ds)ds}, where T is the time-ordering operator and A is the Uhlmann connection differential 1-form. The Uhlmann factor is then V = V (t + δt)V † (t). The length of the curve in the space of amplitudes -with respect to the metric induced by the Hilbert-Schmidt inner product -is equal to the length of the corresponding curve in the space of density matrices -with respect to the Bures metric. The respective Bures distance is given in terms of the fidelity as
We proceed by presenting how we can apply the above concepts in the study of phase transitions. Consider two close points t and t + δt in the parameter space and the respective states ρ(t) and ρ(t + δt) in the space of density matrices. If the two states belong to the same phase, they almost commute, hence V ≈ I and ρ(t + δt) ρ(t) ≈ | ρ(t + δt) ρ(t)|. Moreover, since they are almost indistinguishable, F (ρ(t), ρ(t + δt)) ≈ 1. On the other hand, if ρ(t) and ρ(t + δt) belong to different phases, they must be significantly different, thus their fidelity must be smaller than one [15] . The difference between the two states can be in their spectra or their eigenbases. In the case of the latter, we also have nontrivial V = I [20] .
To quantify the difference between the Uhlmann factor V and the identity, we will use the following quantity, as defined in [20] :
Taking into account that F (ρ(t), ρ(t + δt)) = Tr(| ρ(t) ρ(t + δt)|) and the polar decomposition of ρ(t) ρ(t + δt), as presented above, we can write:
Indeed, ∆(ρ(t), ρ(t + δt)) quantifies the difference between V and I, as for V = I it is trivially zero. The quantity ∆, just like the fidelity, is bounded by 0 and 1. To show this we recall the following theorem (see for example [21] ):
for U being unitary and A any operator. Using the linearity of the trace and Equation (3), we can write ∆ as:
From (4), by replacing A = | √ ρ √ ρ | and U = V , we obtain:
Thus, we find the lower bound of ∆(ρ, ρ ) to be:
For the upper bound of ∆(ρ, ρ ) we will use Equation (2). Since Tr{ √ ρ √ ρ } ≥ 0, as √ ρ and √ ρ are positive operators, ∆(ρ, ρ ) is bounded from above by the maximum value of the fidelity:
Summarizing, from (5) and (6), we get:
For ρ(t) and ρ(t+δt) from the same phase, F (ρ(t), ρ(t+δt)) = Tr( ρ(t + δt) ρ(t)) ≈ 1, therefore ∆(ρ(t), ρ(t+δt)) ≈ 0, while for ρ(t) and ρ(t + δt) from different phases, F (ρ(t), ρ(t + δt)) = 1 and in the case the Uhlmann factor is also non-trivial, we have ∆(ρ(t), ρ(t + δt)) = 0. In summary, the departure of fidelity from 1 and the departure of ∆ from 0 are indicating the phase transition points. In the particular case of topological insulators and superconductors, the respective phase transitions at zero temperature (topological quantum phase transitions) are featured by the closing of the energy gap, which occurs for certain critical values of the parameters of the Hamiltonian. The fidelity and ∆ are expected to capture the gap-closing points, as the distinguishability of the states is enhanced close to the phase transition.
Regarding possible experimental observations of the fidelity and the Uhlmann connection, note that the fidelity induces the Bures metric on the space of density operators, which is nothing but the fidelity susceptibility. For large classes of orders, such as the symmetry-breaking orders of the Landau-Ginsburg type, it has been shown that the fidelity susceptibility is precisely the dynamical susceptibility of the system [20, 22, 23] . Thus, measuring the susceptibility directly reveals the fidelity-induced metric in such cases. Moreover, one can measure other directly observable quantities that are shown to be related to the fidelity and its metric, such is the case of tensor monopoles [24] . In connection to that, it has been shown that estimating various parameters is enhanced around the regions of criticality where the fidelity-induced metric (and the related Fisher information) exhibits singularities [25] . Thus, experiencing enhanced precision in parameter estimation is directly linked to the behaviour of the fidelity, see for example a recent work [26] .
As far as the Uhlmann connection is concerned, one can directly observe the associated phase, as in [27] . Alternatively, one can, as in the case of the fidelity, measure other directly observable physical quantities, such as dynamical susceptibilities and conductivities, that have been shown to directly depend on the mean Uhlmann curvature and the Uhlmann number introduced in [28] .
III. FIDELITY AND ∆ ANALYSIS OF 2D TOPOLOGICAL SYSTEMS
In this section we present our quantitative results for the fidelity and ∆ analysis of 2D topological superconductors and insulators. In our study the parameters of the Hamiltonian and the temperature are treated on equal footing, that is, our parameter space consists of points (µ, T ), where µ denotes the parameters of the Hamiltonian that drive the quantum phase transition and T denotes the temperature. We calculated the fidelity F (ρ, ρ ) and ∆(ρ, ρ ) between the states ρ(µ, T ) and ρ = ρ(µ , T ) with µ = µ + δµ and T = T + δT . We consider δµ and δT to be small, such that the points (µ, T ) and (µ , T ) of the parameter space, where we evaluate the fidelity and ∆, are close to each other. In particular, we treat the following two cases:
• δµ = 0.01 and δT = 0, i.e., probing F and ∆ only with respect to the parameters of the Hamiltonian, while keeping the temperature unchanged.
• δµ = 0 and δT = 0.01, i.e., probing F and ∆ only with respect to the temperature, while keeping the parameters of the Hamiltonian unchanged.
The expressions for the aforementioned quantities are calculated with respect to the many-body thermal states
is an array of fermion field (annihilation and/or creation) operators and H(k) is the "single-particle" Hamiltonian of the 2D topological insulator/superconductor in momentum space, whose exact form is presented below in the respective sections (note that it is only single-particle if the theory preserves the total charge). In the case of superconductors ψ 1,k ≡ ψ ↑,k and ψ 2,k ≡ ψ † ↓,−k , i.e., ψ k is the Nambu spinor and H(k) is the Bogoliubov-de Gennes Hamiltonian. The occupation number, for each k, of each of the bands is thermal,
, where α, labels the bands, and k labels the quasi-momenta, according to the Fermi-Dirac distribution, as can be derived from a Bogoliubov transformation diagonalizing H. The expression for H, in general, includes the chemical potential µ, and therefore it is included in the expression for ε α,k . Generically, it is different from 1. Only if ε α,k < 0 (below the Fermi level) it will reach 1 in the limit T → 0 (i.e., β → +∞). For the analytic derivation of the expressions of the fidelity and the quantity ∆, see Appendix A.
A. 2D topological superconductor
We consider the lattice Hamiltonian of a chiral p-wave superconductor [29] [30] [31] [32] 
where c i,j and c † i,j are fermionic annihilation and creation operators, respectively. S is the superconducting pairing, µ is the chemical potential and t is the nearest-neighbor hopping. To simplify, we fix |S| = t = 1 2 . We can transform this
Hamiltonian in momentum space -since in real space it is translationally invariant -and then apply the BogoliubovValatin transformation. We end up with the single-particle Hamiltonian expressed in the Nambu spinor basis
with σ x,y,z being the Pauli matrices. At T = 0, the Chern number (Ch) characterizes two distinct non-trivial topological phases [33] : one with Ch = 1 for 0 < µ < 2 and one with Ch = −1 for 2 < µ < 4. For µ < 0 and µ > 4, the system is in a topologically trivial phase (Ch = 0). In FIG. 1 , we present the plots for the fidelity and ∆, when changing the parameters of the Hamiltonian and the temperature, respectively. We observe that at T = 0, in both cases the fidelity drops around the gap closing point at µ = 2. As we increase the temperature these drops gradually disappear, indicating that the temperature smears out the topological features. Plot (c) shows the behaviour of ∆, for δµ = 0.01 and δT = 0, i.e., when we change the parameter of the Hamiltonian. At T = 0 , ∆ becomes non-trivial in the neighborhood of the gap-closing point at µ = 2, signalling the topological phase transition, just like the fidelity. For higher T , this non-triviality is smeared out, indicating again the absence of finite-temperature phase transitions. For δµ = 0 and δT = 0.01, i.e, when we only change the temperature, ∆ = 0 everywhere, as the Hamiltonians commute at different temperatures (we omitted the respective plot). The triviality of ∆, with respect to the change of temperature, can be explained by the fact that it is only sensitive to changes of the eigenbasis, while the fidelity is sensitive to both changes of the spectrum and eigenbasis [18] . 
B. 2D topological insulator
In 2D, a topological insulator can be realized by placing an atom with an internal degree of freedom at each site of a triangular lattice. This model is described by the following Hamiltonian [34] 
Again, by taking advantage of the translational invariance of the Hamiltonian in real space, we transform it in momentum space, and considering periodic boundary conditions we obtain
In order to simplify, we fix t 1 = t 3 = 1, as in [33] . At T = 0, by varying the value of the parameter t 2 , we can find four distinct topologically non-trivial phases with different Chern numbers: Ch = ±2 for t 2 ≶ ∓2 and Ch = ±1 for ∓2 ≶ t 2 ≶ 0. In FIG. 2 , we show the respective plots for the fidelity and ∆. Similarly to the previous case of the 2D topological superconductor, at zero temperature we observe drops of the fidelity at the gap-closing points 
, which signal the topological phase transitions (plots (a) and (b)). When we increase the temperature, the fidelity goes gradually back to 1, indicating the absence of finite-temperature phase transitions. Finally, in plot (c), we observe that ∆, when we vary the parameter of the Hamiltonian (δt 2 = 0.01, δT = 0), becomes non-trivial around the gap-closing points at T = 0, indicating the topological phase transitions, which are gradually smeared out as temperature increases. In the case where we only change the temperature (δt 2 = 0, δT = 0.01) ∆ is, again, zero everywhere, due to the fact the change of temperature only affects the spectrum of the Hamiltonian (we also omitted the respective plot).
Regarding the relation between the two quantities analyzed, note that the quantity ∆ is manifestly trivial for the case of mutually commuting Hamiltonians. Thus, knowing the Hamiltonians do commute, ∆ = 0 brings no new information about the system's behavior. Since in our case Hamiltonians do not depend on the temperature, the behavior of ∆ when only the temperature is varied tells us nothing about the existence of temperature-driven transitions, which are, at least in principle, possible even in those cases. Nevertheless, the fidelity, which is sensitive to both the change of Hamiltonian's eigenvectors, as well as its eigenvalues, can signal the existence of thermally-driven phase transitions. Thus, one should consider the results of the fidelity as more general than those of the quantity ∆. Nevertheless, the possible nontrivial behavior of ∆ gives additional and more refined information than the fidelity can provide.
IV. ABSENCE OF FINITE TEMPERATURE PHASE TRANSITIONS: FIDELITY SUSCEPTIBILITY
In this section, we perform both analytical and numerical analysis of the fidelity susceptibility in the thermodynamic limit, providing an explicit quantitative criterion for the existence of phase transitions -if it diverges, there exists a phase transition, otherwise there is no phase transition. At the end, we also compute the respective critical exponents.
To fix notation, the Hamiltonian for the class of two-band systems considered can be cast in the following form
where ψ k is an array of fermion field operators, σ µ are the usual Pauli matrices, M is some parameter (e.g., a hopping amplitude) which drives the topological phase transition and the Einstein summation convention is assumed. The absence of finite temperature phase transitions in the systems considered can be justified through a careful analysis of the fidelity susceptibility χ M M . In doing so there are two limits to be considered: the thermodynamic limit, in which one considers the system on a finite lattice with periodic boundary conditions and then takes the number of its points to infinity, and the zero temperature limit. The order in which one takes these two limits is important and, in fact, it produces different results. The fidelity susceptibility is defined through the formula
where the fidelity is taken with respect to infinitesimally close thermal states, of a fixed temperature, ρ(M ) and ρ(M + δM ) with respect to a variation of the parameter M , namely M → M + δM , and N 2 is the number of lattice sites (N sites on each of the two directions in real space). It is the pullback by ρ : M → ρ(M ) of the Bures metric (appropriately normalized to take the thermodynamic limit). Taking the zero temperature limit and then the thermodynamic limit yields the following expression for the fidelity susceptibility
where n µ = d µ /|d| is the normalized Bloch vector. The previous formula manifests the pure state character of the zero temperature limit of the thermal state. Indeed, it is the integral over the first Brillouin zone of the pullback of the Fubini-Study metric on the Bloch sphere by family of maps M → n µ (M ) = d µ (M )/|d(M )| parametrized by the quasimomentum k ∈ B.Z. The above integral can be numerically evaluated, and the results for the case of topological insulator, given by the Hamiltonian (11), are presented in Fig. 3 . The fidelity susceptibility diverges precisely at the gapless points that define quantum criticality, and are given by M ≡ t 2 = 0, ±2. By taking finite temperature expression for the fidelity susceptibility, and performing the thermodynamic limit, we obtain
where E(k) = |d(k)| and β = 1/T is the inverse of the temperature (see Appendix C for the derivation). One is then interested in taking the limit T → 0 of the previous expression. A naive approach would give the same as Eq. (15). However, if one takes into consideration the existence of the gapless points, the result is different. While the expression of Eq. (15) yields singularities at the critical points, the later Eq. (16) is perfectly regular. The reason is the second term coming from the variation of the energy which seems to magically cure the divergence. When starting with the Boltzmann-Gibbs states, taking the thermodynamic limit and then taking the zero temperature limit of the fidelity susceptibility, the second term appears and is relevant specially in the neighbourhood of gap closing points. This term is precisely the difference between taking the zero temperature limit and then the thermodynamic limit and vice-versa. For generic non-zero values of E(k), the limit β → +∞ of the integrand function yields,
as expected. However, near the gap closing points this is not true. In this case, we take β finite and start by expanding in E(k),
The last expression is way too raw to take the zero temperature limit. Notice that we lost the denominators in this approximation. The denominators in both terms are roughly the same both in the β → +∞ while keeping E(k) finite but non zero and E(k) → 0 while keeping β finite. We have the inequality,
, for all x ∈ R.
Therefore, we can safely upper bound the integrand by 1 4
in a neighbourhood of the gap closing points. Notice that the integrand will be positive or zero since it is a pullback of a Riemannian metric. However, if we now take the zero temperature limit, this upper bound vanishes. Since the singularities at zero temperature were coming from the gap closing points this shows why there are no finite temperature phase transitions in the models discussed.
The above analytical analysis is confirmed by numerical evaluation of − log F/N 2 for both the topological superconductor and insulator, presented at Fig. 4 . The absence of finite-temperature phase transitions means that at temperature different from zero, the fidelity susceptibility χ does not signal phase transitions, as it does for temperature zero. By changing the parameters of the Hamiltonian at T = 0, we are able to close the energy gap and have a phase transition from a topological to a trivial phase and/or vice versa, which is detected by the fidelity susceptibility due to the enhanced distinguishability of the states close to the point of phase transition. For finite temperatures (T > 0), however, we do not observe any changes of χ, which implies the non-existence of phase transitions, driven neither by the parameters of the Hamiltonian nor by the temperature. In this context, one cannot talk about "a crossover from the zero-temperature topological phase to the infinite-temperature non-topological phase", since on one hand, already at T = 0, we have topological and trivial phases, and on the other hand, the fidelity susceptibility detects the phase transitions between them, which do not exist for T > 0.
Finally, one can perform the asymptotic analysis of the fidelity susceptibility in the vicinity of the critical points to obtain the critical exponents. For the topological superconductor, we performed a least squares fit to the susceptibility to a power law aM −b in a neighbourhood of M ≡ µ = 0 and found a = 0.05906 and b = −1.91816. Furthermore, we also performed a least squares fit to the susceptibility to a power law a(M − 2) −b in a neighbourhood of M ≡ µ = 2 and found a = 0.08554 and b = 1.98329, see FIG. 5 for both cases. Analogously, for the topological insulator, we performed a least squares fit to the susceptibility to a power law aM −b in a neighbourhood of M ≡ t 2 = 0 and found a = 0.02126 and b = 1.94055. Additionally, we also performed a least squares fit to the susceptibility to a power law a(M − 2) −b in a neighbourhood of M ≡ t 2 = 2 and found a = 0.01309 and b = 1.93162, see FIG. 6 for both cases. The critical exponents of the fidelity susceptibility of these quantum phase transitions all appear to be around the value b = 1.9, both for the topological insulator model and for the superconductor. 
FIG. 6:
The fidelity susceptibility χ M M for the topological insulator, as a function of (M − M c ). The points are the result of numerical integration. The red curve is the result of the fit.
V. SPECTRUM AND EDGE STATES FOR THE TOPOLOGICAL INSULATOR
Consider the Hamiltonian given by Eq.(11), defined on a 2D lattice, describing a topological insulator. We consider the x-direction to be finite, with N sites, and with open boundary conditions. For the y-direction we take periodic boundary conditions, thus allowing for a partial Fourier transformation along this direction. Topologically, the system is a cylinder, see FIG. 7 .
The 2D lattice Hamiltonian then reduces to a family of 1D Hamiltonians parametrized by the quasi-momentum k y . More concretely, we take the Hamiltonian in Eq. (11) and we perform the Fourier transform in the j index, i.e., along the y-axis. The fermion creation and annihilation operators in real space, described by the lattice coordinates (i, j), are then expanded in partial Fourier series
To study the edge states, we consider the system on a cylinder topology. The quasi-momentum winds around the periodic direction and the dots denote lattice sites.
where k y is the quasi-momentum along the y-direction. The Hamiltonian can then be written in terms of the partial Fourier modes (see Appendix B),
with H i,j (k y ) as given in Eq. (B8). For each k y , the N × N matrix H(k y ) = [H i,j (k y )] describes a 1D system. Now the energy eigenstates are classified into bulk states and edge states. The bulk states are delocalized, while the edge states are exponentially localized along the x-direction, either on the left (i = 1) or on the right (i = N ). If the bulk of the system is in a topologically non-trivial phase and we find energy eigenstates within the gap, by the bulk-to-boundary correspondence principle, they should be edge states cancelling the anomaly coming from the bulk. Therefore, when plotting E(k y ) for t 2 in a topologically non-trivial phase, we find zero-energy edge states (see FIG. 8 for N = 20) . The effects of temperature on these states can be studied by considering the thermal states ρ = exp − β(H − µn) /Z, where β is the inverse of the temperature, n is the total number operator and µ is the chemical potential. In the topologically trivial case the spectrum of the system decomposes into two sets of bands separated by a gap. In the zero temperature limit and zero chemical potential, the lower bands, i.e. the bands below the Fermi level, are occupied and ρ becomes a projector onto this state. In contrast, the spectrum of the topologically non-trivial system is composed of the previous two sets of bands and additional midgap states which are localized at the boundary of the system (c.f. Fig. 8 ). By adding a small negative chemical potential µ (smaller than the gap), since the edge states are localized and are midgap states, the expectation value of the particle number n i (k y ) on the zero temperature limit of the density matrix will vary drastically at k y near the critical momentum where the gap closes and i at the edge, i.e., i = 1 and i = N . As the temperature raises, the particle numbers will saturate, since the density matrix tends to the totally mixed state. Indeed, this is what we can observe for the 2D TI in Fig. 9 . A big variation in particle number occurs at the edges and in the vicinity of the critical momentum k y = π/2, signalling the existence of edge states. (a) Occupation number in the bulk, at T = 1/10. (d) Occupation number in the bulk, at T = 10. (e) Occupation number at the left edge, at T = 10. To find the bulk spectrum we used Eq. (12). We can also write Eq. (12) as
) and σ = (σ x , σ y , σ z ). The bulk spectrum consists of two bands given by E(k x , k y ) = ±|d|. For fixed t 1 = t 3 = 1, the spectrum is plotted for various values of t 2 , as shown in FIG. 10 . We can see that the energy gap closes at the values t 2 = −2.0, 0, +2.0. This can be evaluated by noticing that the closing of the gap is equivalent to d = 0. To have this, we need d x = 0 and d y = 0, which implies cos(k x ) = cos(k y ) = 0. By inspection of d z , we find the following four different points in Brillouin zone where gap closes. For t 2 = −2, the gap closes at k x = k y = − 
VI. CONCLUSIONS AND FUTURE WORK
In this paper, we applied the fidelity and Uhlmann connection analysis of phase transitions [18] to 2D free-fermion topological superconductors and insulators. First, we showed that the fidelity and the quantity ∆ associated to the Uhlmann factor are detecting zero-temperature topological quantum phase transitions, as they assume non-trivial values around the gap-closing points. At finite temperatures, we probed both quantities with respect to small variations of the parameter of the Hamiltonian and the temperature. This two-fold analysis confirmed the fact that the two quantities behave in a different way, with respect to changes of the spectrum and the eigenbasis. Specifically, when we kept the temperature constant, and varied the parameter of the Hamiltonian, which affects both the spectrum and the eigenbasis of the state, the fidelity and ∆ were signalling the topological phase transitions. On the other hand, when we varied the temperature alone, which only affects the spectrum, the fidelity was still detecting the topological phase transitions, while ∆ stayed trivial, since it is only sensitive to changes of the eigenbasis of the state.
Furthermore, we observed that as we increase the temperature, the non-triviality of fidelity and ∆ around the gapclosing points at zero temperature is gradually smeared out and both quantities become trivial. This indicates that there are no finite-temperature phase transitions and the topological features of the systems at T = 0 are gradually washed away. Furthermore, we analyzed the non-commutativity of the thermodynamic and zero temperature limits of the fidelity susceptibility and gave an analytical proof of the absence of finite temperature phase transitions in the class of models considered. This proof also complements the numerical results found in our previous work of Ref. [18] . Moreover, we analysed the critical behaviour at zero temperature by looking at the critical exponents of the fidelity
The bulk dispersion relation at different values of t 2 for the 2D topological insulator. In (a), (c) and (e), we show the cases of the system with a bulk gap (insulating phase), while in (b),(d) and (f) the system has no bulk gap.
susceptibility in the vicinity of the critical points. We also performed a detailed study of the edge states of the systems at finite temperature. Our results show that as the temperature is increased the prominent -at T = 0 -edge states start mixing with the bulk states, confirming the conclusion of the fidelity and ∆ analysis, i.e., the gradual smearing of the topological features at finite temperatures (see also a related recent study [35] ).
Finally, we would like to point out some directions of future work. First, one may consider the case of Hamiltonians with interactions or systems of bosons. A slightly different direction would be to use the same approach in the case of open systems, in which also the system-bath interaction should be taken into account. Moreover, the chiral p-wave superconductor that we considered in our analysis is shown to host vortices that obey non-abelian statistics, which are the main constituent of proposals for fault-tolerant quantum computation [36, 37] and the design of stable quantum memories [38] , due to their robustness against perturbations of the Hamiltonian. While the robustness of these modes has already been considered in the literature, it would be relevant to perform a more detailed quantitative analysis of their behaviour with respect to temperature, using our approach for the study of the edge states. Additionally, in this case the zero energy Majorana bound states appearing due to the vortices should be relevant in the behavior of the Uhlmann factor and deserve a separate and thorough study.
Let ρ = exp(−βH) and ρ = exp(−β H ) be two unnormalized thermal states. In order to calculate an analytic expression for the fidelity we should first calculate the expression for C through the following relation
where A = −βH and B = −β H . Since the Hamiltonians H and H are of the form H = d · σ, we can write
where the coefficients are real, since the Pauli matrices are Hermitian. Therefore,
Using Eq. (A2) in Eq. (A1), and simplifying we get
The last equation implies c = b + λ a, with λ ∈ R. By making this substitution in (A3), we obtain
In what follows we will determine the values of c 0 and λ:
We proceed by writing A = − βH 2 := − 2 x · σ and B = −β H := − y · σ and we get
From (A2) and (A4), we get
Thus,
Since the product of Pauli matrices is again a Pauli matrix, we can write C = ξ z · σ,
The unnormalized expression for the fidelity is
By substituting cosh(ξ/2), we get
For = βE k /2, x = n k , = β E k /2 and y = n k with k = (k x , k y ), the above equation becomes
To compute the final expression for the fidelity, we will use
Tr(e −βH ) = Tr(e −βΨ † HΨ ) = det(I + e −βH ) = 1 + Tr(e −βH ) + det(e −βH ), and we obtain
Similarly, we can calculate Tr √ ρ √ ρ and determine ∆(ρ, ρ )
Appendix B: Hamiltonian transformations
Let A = t 1 σ x + it 3 σ z , B = t 1 σ y + it 3 σ z and C = t 2 σ z . Then,
or
If we also consider periodic boundary conditions along the x-axis, we will have translational invariance, and after applying the full Fourier transform, we get the following bulk Hamiltonian for the topological insulator in 2D:
Appendix C: Derivation of the Bures Metric
Consider a generic charge symmetric fermionic Gaussian state ρ = exp(X), with X = −ψ † Hψ − log Z, log Z = Tre −ψ † Hψ and H ∈ Herm(C N ).
Here ψ and ψ † are the usual arrays of fermion destruction and creation operators. We are interested in evaluating the pullback of the Bures metric by the map ρ : Herm(C N ) H → e X . Now, the Bures metric is given by
The last equation is equivalent to (for invertible states, which is the case at hand)
where ad X (·) := [X, ·]. Now,
Therefore,
and
Notice that
Using the fact that any Hermitian matrix can be diagonalized by a unitary matrix, we can write,
Then,
satisfy the usual canonical anticommutation relations. Moreover,
We can then write,
and,
so, clearly, G is of the form
for an Hermitian matrix valued one-form K = SBS −1 and one-form C,
The one-form S −1 dS is the Maurer-Cartan differential form. To evaluate the metric tensor, we just need to compute the trace,
To evaluate the last expression, consider the correlation function
It is clear that for any single particle observable A ∈ Herm(C n ), we have
Moreover, we will use Wick's theorem to evaluate expressions of the form
Then, we can write, 
Also as
Next, notice that
il g lk S kj , and hence, g = (1 + e −H ) −1 .
Now, defining A ij = (S −1 dS) ij = −A ji and t ij = −t ji = tanh (λ i − λ j )/2 , we have 
The second term is the classical one, i.e., the classical Fisher information associated with the probability distribution, Also notice that this corresponds to evaluating the metric when S −1 dS ≡ 0. The non-classical part is therefore given by, i =j n i (1 − n j )|(S −1 dS) ij | 2 tanh 2 λ i − λ j 2 .
Two-level case
We now suppose N = 2 and without loss of generality we can write, H = x µ σ µ = (U σ 3 U −1 )r, with r = √ x µ x µ .
The eigenstates of H are coherent states of SU (2), namely if we take n µ = x µ /r and z = (n 1 + in 2 )/(1 + n 3 ) is the stereographic projection with respect to the south pole of the sphere, we can write,
satisfies H |z = r |z . We can then write
clearly,
, where c = ∂E/∂T is the specific heat of the system. Now if we have a Chern insulator in 2D as in the main text, we will have, H = B.Z. We remark that for the case of the topological superconductor considered in the main text the charge is only conserved modulo 2. However, since the expression for the fidelity is the same (as a function of d and β) as the charge conserving ones, the resulting susceptibility has the same functional form. Related to this derivation, we refer the reader to Ref. [26] to a recent derivation of the symmetric logarithmic derivative of fermionic Gaussian states by Carollo et al..
